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Lagrangian: intuitive point of view
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Lagrange multiplier for equality constraints

Consider the following convex optimization problem:

minimize f(z)

subject to g(x) = 0

where f and ¢ are convex.
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Lagrange multiplier for equality constraints (2)

Recall: if g is convex, then it sublevel-sets are convex:
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Sublevel set: {z|g(x) < ¢} (the green set in the figure)
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Lagrange multiplier for equality constraints (3)
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Gradient (equality constraint): For any point x on the “surface”
{g(z) = 0} the gradient Vg(z) is orthogonal to the surface itself.

Dycx) orthogoual fo surface

g
P

Luxburg: Mathematics for Machine Learnin

Intuition: to increase / decrease g(x), you need to move away from
the surface, not walk along the surface.
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Lagrange multiplier for equality constraints (4)
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Gradient (objective function): Consider the point z* on the
surface {g(x) = 0} for which f(x) is minimized. This point must
have the property that V f(z) is orthogonal to the surface.

Vi x)

lg(x)= O

ning

X
)

At the o‘oﬁmo\( ,oo.'uf‘ P
ff(M Sr‘o\all.ewf 0,/. # t‘J‘
(9(“103\')\/10\,( fo fuc .mrlacc,
i ocau puuaf upide or ouklrole (@ co
decranm /:'hCnmfe/ w bola olixe X )

Luxburg: Mathematics for Machine Lear

Intuition: otherwise we could move a little along the surface to
decrease f(x).
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Lagrange multiplier for equality constraints (5)

Conequence: at the optimal point, Vg(x) and V f(x) are parallel,
that is there exists some v € R such that Vf(z) + vVg(z) = 0.

\750‘)
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Lagrange multiplier for equality constraints (6)

We now define the Lagrangian function

L(z,v) = f(z) + vg(z)

where v € R Is a new variable called Lagrance multiplier. Now
observe:

» The condition V f(x) + vVg(x) = 0 is equivalent to
V.L(z,v) =0
» The condition g(x) = 0 is equivalent to V, L(z,v) = 0.

To find an optimal point 2* we need to find a saddle point of
L(x,v), that is a point such that both V,L(x,v) and V,L(z,v)
vanish.



Simple example
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Consider the problem to minimize f(x) subject to g(z) = 0, where
f.g: R* = R are defined as

flay,x9) = a7 + a5 — 1

g(x1,22) =21 + 22 — 1

Observe: it is hard to solve this problem by naive methods because
it is unclear how to take care of the constraints!

ning

Solution by the Lagrange approach:

Write it in the standard form:

Luxburg: Mathematics for Machine Lear

minimize x5 + x5 — 1
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Simple example (2)
The Lagrangian is

L(z,v) = a7 + x5 — 1+v(ry + 29 — 1)

f(z1,x2) g(z1,x2)

Now compute the derivatives and set them to O:

Vle:Qxl—i—V;O
V., L =210 +v=0
V,/L:lel—FIQ—l;O

If we solve this linear system of equations we obtain
(x7,25) = (0.5,0.5).
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Lagrange multiplier for inequality constraints

Consider the following convex optimization problem:

minimize f(x)
subject to g(x) < 0

where f and g are convex. -

We now distinguish two cases: constraint is “active” or “inactive’:

Iy
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Lagrange multiplier for inequality constraints (2)

Case 1: Constraint is “active”, that is the optimal point is on the
surface g(x) = 0.

Again Vf and Vg are parallel in the optimal point.

But furthermore, the direction of derivatives matters:

» The derivative of g points outwards (at any point on the
surface g = 0). This is always the case if g is convex.

» Then the derivative of f is directed inwards (otherwise we
could decrease the objective by walking inside).



Lagrange multiplier for inequality constraints (3)

Courhram € ae hve:

[7(_ \‘V\ U\)O*'O(I

Vg

So we have V f(x) = —AVg(x) for some value A > 0.




Lagrange multiplier for inequality constraints (4)
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Case 2: Constraint is “inactive’, that is the optimal point is not on
the surface g(x) = 0 but somewhere in the interior.

» Then we have Vf = 0 at the solution (otherwise we could
decrease the objective value).

» We do not have any condition on Vg (it is as if we would not
have this constraint).

ning

Gousbrara mackve . No coudi Fow ou \73
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Lagrange multiplier for inec

uality constraints (5)

We can summarize both cases using t
define the Lagrangian

ne Lagrangian again. We now

L(z,A) = f(x) + Ag(z)

where the Lagrange multiplier has to be positive: A > 0.

» (Case 1: constraint active, A > 0.

» Need to find a saddle point: V L(x,\) =V L(z,\) =0.
» (Case 2: constraint inactive, A = 0.
> Then L(z,\) = f(z). Hence V,L(x,\) = V. f(z) = 0,

V)\L(x, )\) = 0.

» So in both cases we have again a saddle point of the

Lagrangian.



Lagrange multiplier for inequality constraints (6)

0.
» Constraint active: A > 0, g(z*) = 0.
» Constraint inactive: A =0, g(z*) # 0.
This is called the Karush-Kuhn-Tucker (KKT) condition.

Also in both cases we have \g(z*)
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Simple example

What are the side lengths of a rectangle that maximize its area,
under the assumption that its perimeter is at most 17

We need to solve the following optimization problem:
maximize x - y subject to 2z 4+ 2y <1

Bring the problem in standard form:

ing

minimize(—x - y) subject to 2z + 2y — 1 < 0

Form the Lagrangian:

=
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Simple example (2)

Saddle point conditions / derivatives:
OL/0x = —y + 2\ = 0

OL/0y = —x + 2\ = 0

OL/ON =2x + 2y — 1 =0

Solving this system of three equations gives x = y = 0.25.
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Simple example (3)

Now need to see: when does this approach work, when does it not
work, what can we prove about it?

ning
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Lagrangian: formal point of view




Lagranigan and dual: formal definition

Consider the primal optimization problem

minimize fo(x)
subject to f;(z) <0 (i=1,...,m)
hj(z) =0 (j =1,...,k)

Denote by z* a solution of the problem and by p* := fy(x*) the
objective value at the solution.




Lagranigan and dual: formal definition (2)

Define the corresponding Lagrangian as follows:

» For each equality constraint j introduce a new variable v; € R,
and for each inequality constraint ¢ introduce a new variable
A; > 0. These variables are called Lagrange multipliers.

A= [ V= [-/“)
» Then define ) <,[ ) - v

w
k
L(x,\,v) —I—Z)\ filx —I—Zujhj(:v)

Define the dual function g : R™ x R* — R by

g(\,v) =inf L(xz, A\, v)




Dual function as lower bound on primal
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Proposition 1 (Dual function is concave)

No matter whether the primal problem is convex or not, the dual
function is always concave in (\,v).

Proof. For fixed x, L(x, A\, v) is linear in X\ and v and thus
concave. The dual function as a pointwise infimum over concave
functions is concave as well. ©

£ Couto L
v m =) -—-‘C (O uv LK

Couvex Coutay ¢

ning

Luxburg: Mathematics for Machine Lear

Note that concave is good, because we are going to maximize this
function later on.
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Dual function as lower bound on primal (2)

Proposition 2 (Dual function as lower bound on primal)

For all A\; > 0 and v; € R we have g(\,v) < p*.
‘\ '//\‘ww*
polu hlov of

» Let xy be a feasible point of the primal problem (that is, a
point that satisfies all constraints).

Proof.

» For such a point we have

m

k
Ai Tilxo) + vih:(xg) <0
Z f(OO) ; ] ]E O)

=1 >0 < 0



Dual function as lower bound on primal (3)

» This implies Z0)
/-\/\ . \
L(CE(),)\,V fo ZCO Z)\ f CIZO —|—ZV CIZ‘O < fO(CU())
1=1

Note that this property holds in particular when x4 1s ™.

» Moreover, for any xy (and in particular for zy := x*) we have

me(x A V) < L(xg, A\, V)

MEYEY )
» Combining the last two properties gives

g(Av) =inf L(z, A\, v) < L(z", A\, v) < fo(z7)
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Dual optimization problem

Have seen: the dual function provides a lower bound on the primal
value. Finding the highest such lower bound is the task of the dual
problem:

We define the dual optimization problem as

H)l\&XQ()\, V) subject to \; > 0,v; € R

ning

Denote the solution of this problem by A*, v* and the corresponding
objective value d* := g(\*, v*).

Luxburg: Mathematics for Machine Lear
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Dual optimization problem (2)

Winter 2024 /25

Dual vs Primal, some intuition:

R /\ Cau favel uppe Cowuds ou‘ f( L.,
(NS tvaluehing {oexy  fJar dibak vetued of X

+‘ox Waul ho W wu.\.u‘w\l.u, .(OCX).
Cav\ {MMA Ry o wrr lﬂOuuo(j A ’o{ .177.

il ﬂ.uq(u\u‘u‘mb 3(/\'\/) [,\r opu‘,lw" Valu o
5(31172\ k/\/.

9(’(11\’1\ "

.S
c
P
(1]
(V]

-
(]

=

L=
8]

s
1

L
0

o=

-
(1]
£
(]

=
=

s
=
b
=

Q2
X
-

-

rike von

ul

29



2}
N
S~
<
N
(=]
N
-
[
-
£

Dual optimization problem (3)
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Weak duality

Proposition 3 (Weak duality)

The solution d* of the dual problem is always a lower bound for the
solution of the primal problem, that is d* < p*.

Proof. Follows directly from Proposition 2 above. ©

We call the difference p* — d* the duality gap.




Strong duality
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» \We say that strong duality holds if p* = d*.

» This is not always the case, just under particular conditions.
Such conditions are called constraint qualifications in the
optimization literature.

» Convex optimization problems often satisfy strong duality, but
not always.

ning
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Strong duality (2)

Examples:
» Linear problems have strong duality
» Quadratic problems have strong duality

» There exist many convex problems that do not satisfy strong
duality. Here is an example:

ning

minimize,, , exp(—x)
subject to z/y < 0
y >0

One can check that this is a convex problem, yet p* = 1 and
da* = 0.

Luxburg: Mathematics for Machine Lear
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Strong duality: how to convert the solution of
the dual to the one of the prima

By strong duality: p* = d*, that is we get the same objective
values. But how can we recover the primal variables =* that lead to
this solution, if we just know the dual variables \*, v* of the
optimal dual solution?

EXERCISE!




Strong duality implies saddle point

Proposition 4 (Strong duality implies saddle point)

Assume strong duality holds, let * be the solution of the primal
and (A", v*) the solution of the dual optimization problem. Then
(x*, A*,v*) is a saddle point of the Lagrangian.




Strong duality implies saddle point (2
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Winter 2024 /25

Strong duality implies saddle point (3)

Proof.
» \We first show that x* is a minimizer of L(z, \*, v*):

» By the strogng duality assumption we have fo(z*) = g(A\*, v*).
> With thi?/Z/e get s

fo(x™) ‘:/g()\*, V) =inf L(x, \*,v") < L(x™, X", v") < fo(z™)

ing

(last inequality follows from Proposition 3).

» Because we have the same term on the left and side, we have
equality everywhere.

» So in particular, inf, L(x, \*,v*) = L(x*, \*, v*).

» Then we show that (A", v*) are maximizers of L(x*, A\, v).
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» This follows from the definition of (A\*, ") as solutions of

maxy , ming L(z, A\, 1),

9C AN)
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Strong duality implies saddle point (4)

» Taken together we get
L(x*, N\, v) < L(z*, N, v") < L(z, \*, V")

That is, (x*, \*,v*) is a saddle point of the Lagrangian:

» It is a minimum for x (with fixed \*, v*).
» It is a maximum for (A, v) (with fixed x*).

ning
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Saddle point always implies primal solution

Proposition 5 (Saddlepoint implies primal solution)

If (x*, \*,v*) is a saddle point of the Lagrangian, then z* is always
a solution of the primal problem.

Proof. Not very difficult, but we skip it. ©

Remarks:

» This proposition always holds (not only under strong duality).

» This proposition gives sufficient conditions for optimality.
Under additional assumptions (constraint qualifications) it is
also a necessary condition.




Why is this whole approach useful?
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» \Whenever we have a saddle point of the Lagrangian, we have a
solution of our constraint optimization problem. This is great,
because otherwise we would not know how to solve it.

» If strong duality holds, we even know that any solution must
pe a saddle point. So if we don't find a saddle point, then we
know that no solution exists.

v

f your original minimization problem is not convex, at least its
dual is a concave maximization problem (or, by changing the
sign, a convex minimization problem). If the duality gap is
small, then it might make sense to solve the dual instead of
the primal (you will not find the optimal solution, but maybe a
solution that is close).

Luxburg: Mathematics for Machine Learnin
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