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Justify all your claims.
Exercise 1 (Diagonalizable matrices, 2+2+2-+1 points).

a) Consider the matrix A € R3*3 given by its representation as a diagonal matrix

1 -1 1 -1 0 0 02 0
A=P'DP=105 0 0 0 10 1 2 -1),
2 =21 0 0 3 2 0 -1

where P describes the change of basis. What are the eigenvalues of A? Is A invertible?
Verify that the trace of A equals the sum of its eigenvalues.

b) Compute a basis for each eigenspace of A. What is the relationship between their basis
vectors and P~1?

c¢) Consider a general matrix A € R™*" with decomposition A = P~!DP into an invertible
matrix P € R"*" and a diagonal matrix D € R™ ™. Derive an explicit formula for the
matrix power A* with & € N based on this decomposition.

d) Assume additionally that the entries on the diagonal of D are non-zero. Derive a formula
for the inverse A~! based on the decomposition.

Exercise 2 (Topology, 3+1+2+1 points). Justify all your claims formally for the following
exercises.

a) Decide whether the following two sets are open and whether they are closed.

S1=DB.(0)={zeR" | |z||, <r} forr>0
Sy = R"
Hint: You may use the fact that the metric space (R", ||-||,) is complete.

b) For a real matrix A € R™™ and b € R™, decide whether the following set is convex in
general. If it is not, give a counterexample.

Sz ={zx € R" | Az = b}

¢) A function f: R™ — R is called convex, if it satisfies f(tz + (1 —1t)y) < tf(z)+ (1 —1)f(y)
for all z,y € R™ and ¢t € [0,1]. Decide whether the following two sets are convex for all
convex functions f: R®™ — R and choices of ¢ € R. If they are not, give a counterexample.

Si={f<c}={reR"| f(x) <}
Ss={f>c}={reR"| f(a) > ¢}

d) Prove that if C; D C R™ are convex sets, then the set sum C+D ={z+y |z € C,y € D}
is also convex.
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Exercise 3 (Norms and metrics, 24242 points).

a) The Hamming space {0, 1}" is the set of all binary lists of length n. The Hamming distance
d counts the number of distinct components, that is,

d: {0,1}™ x {0,1}" — N,

(xvy) — d(l‘,y) = Z ]l{:pﬁéyl} )
=1

7" . Prove that ({0,1}",d) is a metric space.
0, otherwise

where ]l{zﬁéyi} = {

1/p
b) Consider the p-norm ||z|, = (Zz:1|xk|p> on R™. Prove that ||-||, is not a norm for
O<p<l.

c) Show that every norm ||-|| : R — R>( induces a metric via d(z,y) = ||z — y||.

Bonus exercise (Convex sets induce norms, 3-+2 points). Consider the set of points inside
an ellipse

c R2| U 2 C R?
=4 € ’ g + b7 <1;C
with a,b > 0. C'is closed and has non-empty interior.

a) Verify the remaining conditions for the theorem given in lecture 19 “Convex set induces a
norm”, that is: C' is symmetric, bounded, and convex.

b) Derive an explicit formula for the norm induced by C.



